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In this paper the correlations dynamics of two atoms in the case of a micromaser-type system is 
investigated. Our results predict certain quasi-periodic collapse and revival phenomena for 
quantum discord and entanglement when the field is in Fock state and the two atoms are initially 
in maximally mixed state, which is a unique separable state. Our calculations also show that the 
oscillations of the time evolution of both quantum discord and entanglement are almost in phase 
and they both have similar evolution behavior in some time range. The fact reveals the consistency 
of quantum discord and entanglement in some dynamical aspects. 
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Introduction. The existence of nonclassical correlations between distinct quantum systems is 
one of the fundamental differences between quantum and classical physics. Entanglement, which 
is a key resource in quantum information science, has been considered to be the only kind of 
nonclassical correlation. However, it has become clear by now that entanglement does not include 
all nonclassical correlations although most of the quantum computation and communication 
processes rely on it. The nonclassical correlation, which cannot be captured by entanglement 
measure, is called quantum discord [1]. Both entanglement and quantum discord have become a 
fundamental resource in quantum information processing and a number of theoretical studies have 
been performed on this subject in recent years [2]. Unfortunately, we do not have yet a closed 
theory for the description of the nonclassical correlations, and there is no clear evidence of the 
relation between quantum discord and entanglement [3], in spite of some calculations of quantum 
discord for several families of quantum states and comparison with the entanglement have been 
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presented in the literature [4-6]. Recently some studies have also showed that quantum discord is a 
resource in the tasks of entanglement distribution [7,8], and an operational interpretation of 
quantum discord has been given that quantum discord is a quantitative measure about the 
performance in the quantum-state merging [9,10]. More recently, in Ref. [11], Streltsov and Zurek 
showed that if a measurement device is in a nonclassical state, the measurement results cannot be 
communicated perfectly by classical means. In this case some part of the information in the 
measurement apparatus is lost in the process of communication, and the amount of this lost 
information turns out to be the quantum discord. They also found that the information loss occurs 
even when the apparatus is not entangled with the system of interest. In addition, the study of 
nature of correlations in a quantum state has also attracted the impressive amount of attention and 
efforts for both of theoreticians and of experimentalists. There are many articles devoted to the 
investigations of this aspect [12-28]. A prevailing observation in all results obtained is that the 
discord is directly associated to non-trivial properties of states. Particularly, Knill and Laflamma 
showed that quantum computation in which only one qubit is in a nonmaximally mixed state, 
while the rest are in maximally mixed state, can achieve an exponential improvement in efficiency 
over classical computers for a limited set of tasks [29].  
The studies of quantum correlations in different dynamical systems are another important topic 
not only from a fundamental point of view, but also for practical purposes [2,30,31]. For the nonce, 
many interesting phenomena of correlations dynamics have already been discovered, including 
entanglement sudden death [32] and sudden change of quantum discord [33], freezing of quantum 
correlations [27] and recovery of quantum correlations in absence of system-environment 
back-action [30,34,35]. In the paper we will consider a pair of two-level atoms going though a 
cavity one after another. A detailed understanding of the evolution of entanglement and quantum 
discord in the system is valuable for both fundamental theoretical investigations and 
experimentally realizable systems. We study the dynamics of a pair of such atoms numerically and 
predict certain quasi-periodic collapse and revival phenomena for quantum correlations when the 
field is in Fock state and the two atoms are initially in a unique separable state, that is, the 
maximally mixed state.  
Dynamics of the two atoms in a micromaser-type system. Let us consider a micromaser-type 
system in which atoms are injected at a rate low enough that at most one atom at a time is inside 
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the cavity, and the time of flight through the cavity t  is the same for every atom. For simplicity 
we will suppose that the cavity is of a non-leaky type. The cavity-QED experiments are, in fact, 
very close to such situation [36-39]. While an atom flies through the cavity, the coupled atom-field 
system is described by the Jaynes-Cummings Hamiltonian. The interaction Hamiltonian in a 
rotating frame at the cavity mode frequency and in the rotating wave approximation, at exact 
resonance, can be written as )( −
+
+ += σσ aagH I . Where a ( +a ) denote the annihilation 
(creation) operators of the single-mode cavity field and )( −+ σσ  represent the raising (lowing) 
operators of the atom, and g  is the atom-field coupling constant.  
We assume that the cavity field is initially in the n − photon Fock state n  and two spatially 
separated two-level atoms A and B  are initially prepared in a state (0)ABρ . The two atoms 
pass through the cavity one after the other and have no direct interaction. We further assume that 
initially the total system is found in product state (0) (0)AB n nρ ρ= ⊗ . In the standard basis 
11 , 10 , 01  and 00 , if the initial state takes the form  
                    
11
22 23
32 33
44
(0) 0 0 0
0 (0) (0) 0
(0)
0 (0) (0) 0
0 0 0 (0)
AB
ρ
ρ ρρ ρ ρ
ρ
⎛ ⎞⎜ ⎟⎜ ⎟= ⎜ ⎟⎜ ⎟⎝ ⎠
,               (1) 
the form remains under evolution.  
For the initial state of Eq. (1), the matrix element dynamics of the reduced density matrix 
( )AB tρ  of the two atoms after passing though the cavity field is given by  
4 2 2 2 2 2 2
11 11 1 22 1 33 44 1( ) (0) (0) (0) (0)n n n n n n nt c s c s c s sρ ρ ρ ρ ρ+ + −= + + +  
             ( ) 223 32 1(0) (0) n n ns c cρ ρ ++ + , 
      2 2 2 2 4 2 222 11 1 1 22 1 33 44 1( ) (0) (0) (0) (0)n n n n n n nt s c c c s s cρ ρ ρ ρ ρ+ + + −= + + +  
             ( ) 223 32 1(0) (0) n n ns c cρ ρ +− + , 
      2 2 4 2 2 2 233 11 1 2 22 1 33 1 44( ) (0) (0) (0) (0)n n n n n n nt s c s c c s cρ ρ ρ ρ ρ+ + + += + + +  
             ( ) 223 32 1 1(0) (0) n n ns c cρ ρ + +− + , 
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2 2 2 2 2 2 4
44 11 1 2 22 1 1 33 1 44( ) (0) (0) (0) (0)n n n n n n nt s s s c s c cρ ρ ρ ρ ρ+ + + + += + + +  
            ( ) 223 32 1(0) (0) n n ns c cρ ρ ++ + ,                                     
       2 2 223 11 1 1 2 22 1 1 33 1( ) (0) (0) (0)n n n n n n n n nt s c c s c c s c cρ ρ ρ ρ+ + + + + += − −  
              2 2 2 2 244 1 23 1 32 1(0) (0) (0)n n n n n n ns c c c c s sρ ρ ρ− + ++ + + , 
       2 2 232 11 1 1 2 22 2 1 33 1( ) (0) (0) (0)n n n n n n n n nt s c c s c c s c cρ ρ ρ ρ+ + + + + += − −  
              2 2 2 2 244 1 23 1 32 1(0) (0) (0)n n n n n n ns c c s s c cρ ρ ρ− + ++ + + .                      (2) 
Here ( )cosnc ngt=  and ( )sinns ngt= . The solutions (2) are used to find the dynamics 
evolution of quantum correlations. 
  Measures of quantum correlations. In order to describe the dynamics evolution of entanglement, 
we use the concurrence [40], which for a mixed state of two qubits is given by 
),0max()( 4321 λλλλρ −−−=C , where iλ  are the eigenvalues (in descending 
order) of )()( * yyyy σσρσσρ ⊗⊗ , in which ρ  is the density matrix of the system. The 
concurrence varies between 0 when qubits are separable and 1 when they are maximally entangled. 
In the case of the density matrix with the matrix elements in Eq. (2), the concurrence C  can be 
easily obtained as  
  { })()()(,0max2 441123 tttC ρρρ −= .                    (3) 
Moreover, for a given bipartite state ABρ  shared by two parties A and B , the quantum 
discord is usually defined as the difference between the quantum mutual information and the 
classical correlation, 
                    ( ) ( ) ( )AB AB ABD I Cρ ρ ρ′= − .                             (4) 
Here, the quantum mutual information of two subsystems is given by 
                      ( ) ( ) ( ) ( )AB A B ABI S S Sρ ρ ρ ρ= + − ,                       (5) 
where ∑−=−=
i
i
j
i
jjjjj TrS λλρρρ 22 log)log()(  is the von Neumann entropy with 
}{ ijλ  being the nonzero eigenvalues of the quantum state jρ , and the subscript j  indicates 
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either the subsystem ( )A B  or the total system. Following [41], the amount of classical 
correlations in ABρ  can be quantified by 
                        
{ }
( ) ( ) min[ ( { })]
k
AB A AB kC S Sρ ρ ρΠ′ = − Π ,                  (6) 
where the minimum is taken over the complete set of projective measurements }{ k∏  and 
( { }) ( )AB k k kkS p Sρ ρ∏ =∑  is the quantum conditional entropy of A  given the complete 
measurements on subsystem B , with ( ) /k B k AB k kTr pρ ρ= ∏ ∏  and ( )k AB AB kp Tr ρ= ∏ . 
Substituting Eqs. (5) and (6) into (4), we obtain 
                 
{ }
( ) ( ) ( ) min ( { })
k
AB B AB AB kD S S Sρ ρ ρ ρΠ= − + Π .                 (7) 
It is worth pointing out that completely quantifying quantum discord in the most general cases is 
still an open problem, but for certain special class of states analytical results are available [5,6].   
To calculate quantum discord we use the algorithm introduced by Ali et al [5], which is an 
extension of the method of Luo [6]. Despite some counterexamples have been given in [42,43], 
Huang confirmed numerically, in a recent article [44], that the Ali et al algorithm is valid with 
worst-case absolute error 0.0021  for two-qubit X states. Our calculations show that this error 
will not affect our conclusions. 
We first obtain the eigenvalues of the matrix ( )AB tρ  
                    0,1 11 44 11 44
1 [( ( ) ( )) ( ) ( ) ]
2
t t t tλ ρ ρ ρ ρ= + ± − , 
          
22
2,3 22 33 22 33 23
1 [( ( ) ( )) ( ( ) ( )) 4 ( ) ]
2
t t t t tλ ρ ρ ρ ρ ρ= + ± − + .         (8) 
With Eq. (8) in hand, one can immediately get the entropy of the total system ( )ABS ρ . In 
addition, we can express the von Neumann entropy of the reduced density matrix Bρ  in terms of 
Eq. (2) as follows 
                11 33 2 11 33( ) [( ( ) ( )) log ( ( ) ( ))BS t t t tρ ρ ρ ρ ρ= − + +         
                       22 44 2 22 44( ( ) ( )) log ( ( ) ( ))]t t t tρ ρ ρ ρ+ + + .                  (9) 
Based on the above discussion and using the algorithm of [5], the quantum discord are given by 
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        { }1 2 30 ,( ) ( ) ( ) min ( ) , ( { })AB B AB AB kD S S S Sθ θ θρ ρ ρ ρ ρ= − + Π ,         (10) 
where  
10 1
( ) ( )S h xθρ = , 2 3, 22 44 2( { }) ( ( ) ( )) ( )AB kS t t h xθ θρ ρ ρΠ = + 11 33 3( ( ) ( )) ( )t t h xρ ρ+ + . (11) 
Here ( ) log (1 ) log(1 )h x x x x x= − − − −  is the binary entropy function and  1
2
i
ix
θ+= , 
1,2,3i = , where 221 11 22 23(2 ( ) 2 ( ) 1) 4 ( )t t tθ ρ ρ ρ= + − + , 22 442
22 44
( ) ( )
( ) ( )
t t
t t
ρ ρθ ρ ρ
−= +  and 
11 33
3
11 33
( ) ( )
( ) ( )
t t
t t
ρ ρθ ρ ρ
−= + . 
Having obtained the results above, we are therefore in a position to discuss the dynamics 
behavior of the quantum discord and entanglement related to the system considered. This will be 
done in the following section. 
Numerical results and discussions. Our goal in this article is to clarify what peculiar dynamics 
happens for quantum correlations of the system under consideration. To make our results concrete, 
we restrict our analysis to the initial Werner state 4
(1 )(0)
4W
rr Iρ ψ ψ+ + −= + . Here 
( )10 01 2ψ + = + , and 4I  is the 4 4×  identity matrix. r  varies from 0 to 1, and for 
0r =  the Werner state become maximally mixed states, while for 1r =  they are the 
well-known Bell states. 
The dynamical evolution of the concurrence and quantum discord are shown in Figs. 1-3 as a 
function of the Rabi angle gt  ( t  is the time spent by the atom inside the cavity) for different 
initial states. It is seen from these figures that the oscillations of time evolution of both 
entanglement and quantum discord are almost in phase in some time range, in particular the 
numerical value of the quantum discord remains close to the concurrence for most of cases, in 
spite of concurrence and quantum discord are different measures that are based on different 
concepts and use different mathematical entities. The fact demonstrates the consistency of 
quantum discord and entanglement in some dynamical aspects. 
Figure 1 shows the time evolution of the entanglement and quantum discord for the initial 
maximally mixed state of two-qubit 4 4I  with the Fock state field 0n =  case (i.e. the ground 
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state 0 ). It is seen that both entanglement and quantum discord are zero at earlier times, 
however, after some finite period of time the correlations start to build up via atom-photon 
interaction inside the cavity, although no single atom interacts directly with another. One should 
note that the quantum discord show up before the entanglement is generated. It is similar to the 
case of [45], in where quantum discord show up as precursors of entanglement when two initially 
excited qubits interact with each other through a common environment and also through dipole 
forces. From the figure we can see that in the evolution, concurrence abruptly becomes zero and 
remains zero for some time interval, but quantum discord is always continuous change. Similar 
behavior has been reported in different cases, both theoretically and experimentally (see, for 
example, [2] and the references therein). On the other hand, we can also see that, for some time 
interval, concurrence is zero while discord exist extreme values. Maybe it means that quantum 
discord is more robust than entanglement. 
It is remarkable to see in Fig. 2 that for the initial maximally mixed state of two atoms and 
higher values of the field photons, there are certain quasi-periodic collapse and revival phenomena 
of the correlations oscillations. From the figure, firstly one can see the envelope of the correlations 
oscillations ‘collapses’ to nearly zero. However, as time increases we encounter a ‘revival’ of the 
collapsed correlations, and there are only small fluctuations between two envelopes. The behavior 
of collapse and revival of correlations is repeated and the amplitude of the envelope of the 
oscillations slightly decreases as time increases. Moreover, the fluctuations between two 
envelopes increase with time increase. By comparing Fig. 2(a) with Fig. 2(b) we see that as n  
increases, the periodic of the oscillations become larger, while the fluctuations between two 
envelopes decrease.  
In order to see effects of initial entangled states on the evolution of both quantum discord and 
entanglement, we examine the dynamical evolution of the quantum discord and entanglement for 
the initial entangled Werner state, i.e., 4
(1 )(0)
4W
rr Iρ ψ ψ+ + −= + , 0r ≠  (see Fig. 3, 
where we set 0.2r =  and 10n = ). It is obvious that at earlier times both quantum discord and 
entanglement are no longer zero and either entanglement or quantum discord become larger than 
that for the case of 0r = . Also, it is found that the phenomenon of collapse and revival is 
sensitive to the initial atoms states and field states. Our results seem to suggest that the periodic 
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exchange of energy between the atomic and the field oscillators leads to the collapse and revival 
of quantum discord and entanglement. 
The above analysis can easily be extended to study correlations dynamics starting from 
different initial conditions. The details of the evolution for this case will be considered elsewhere. 
Conclusions. We have investigated the correlations dynamics of two atoms in the case of a 
micromaser-type system and predicted an interesting quasi-periodic collapse and revival 
phenomenon for quantum discord and entanglement for the field initially in the Fock state and the 
atoms initially in a unique separable state, that is, the maximum mixed state, and the phenomenon 
is sensitive to the initial atoms and field states. In addition, we have also observed that in some 
time range concurrence and quantum discord have similar evolution behavior, despite concurrence 
and quantum discord are different measures for quantum correlations. It shows the consistency of 
quantum discord and entanglement in some dynamical aspects. Although the theoretical 
interpretation of our main results is not exactly clear, we believe that our results greatly enrich our 
knowledge and understanding of the dynamics of quantum correlations, and are significant for 
clarifying the connection between quantum discord and entanglement.   
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FIG. 1. (Color online) Evolution of the entanglement (red dotted line) and quantum discord (blue 
solid line) for the initial maximally mixed state of two-qubit 4 4I  with the ground state field 
( 0n = ). 
                   (a)                                     (b) 
     
FIG. 2. (Color o nline) The same as figure 1, but ( 5n = ) (a) and ( 10n = ) (b). 
 
FIG. 3. (Color online) Evolution of the entanglement (red dotted line) quantum discord (blue solid 
line) for the initial Werner state ( 0.2r = ) and Fock state field ( 10n = ). 
 
 
 
